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A characterization of almost universal ternary
quadratic polynomials with odd prime power conductor
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Abstract
An integral quadratic polynomial (with positive definite quadratic part) is called
almost universal if it represents all but finitely many positive integers. In this
paper, we introduce the conductor of a quadratic polynomial, and give an ef-
fective characterization of almost universal ternary quadratic polynomials with
odd prime power conductor.
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1. Introduction
A fundamental question in the study of quadratic forms asks, given a quadratic
polynomial f and an integer a, how can we decide when f represents a over the
integers? This question has been the driving force behind many developments
in number theory over the past centuries. Very notably, in 1900, David Hilbert
addressed the International Congress of Mathematicians in Paris posing his fa-
mous list of 23 problems; among them was the following:
To solve a given quadratic equation with algebraic numerical coeffi-
cients in any number of variables by integral or fractional numbers
belonging to the algebraic realm of rationality determined by the
coefficients [9].
Along this line of inquiry, given an integer a and an inhomogeneous quadratic
polynomial
f(x) = Q(x) + ℓ(x) + c,
in more than one variable, when is f(x) = a solvable over the integers? Here Q
and ℓ are homogeneous quadratic and linear polynomials, respectively, and c is
a constant. Triangular numbers, defined by Tx =
x(x−1)
2 where x is an integer,
give a particularly interesting family of inhomogeneous quadratic polynomials.
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In 1796, Gauss observed that the sum of three triangular numbers, Tx+Ty+Tz,
represents all natural numbers, a property which we call universal. This fact
can be easily confirmed by completing the square, and noting that 8n + 3 is
represented by the polynomial (2x+1)2+(2y+1)2+(2z+1)2 as a consequence
of the Three Square Theorem.
In 1862 Liouville examined this problem further, by asking for which positive
integer triples (α, β, γ) the weighted ternary sum αTx+βTy+γTz is universal. He
determined that only seven such triples exist, namely (1, 1, 1), (1, 1, 2), (1, 1, 4),
(1, 1, 5), (1, 2, 2), (1, 2, 3) and (1, 2, 4). Recently, in [8], [16], and [18], Z.-W. Sun
et al. effectively determine all αx2 + βTy + γTz and αx
2 + βy2 + γTz that are
universal.
An extension to the above problem is a characterization of quadratic poly-
nomials representing all but finitely many natural numbers; that is, quadratic
polynomials which are almost universal. Kane and Sun approach this question
in [13], conjecturing a list of necessary and sufficient conditions on the triple
(α, β, γ) of positive integers for which αTx + βTy + γTz, αx
2 + βTy + γTz or
αx2 + βy2 + γTz are almost universal. In [13], they resolved the conjecture for
αx2+βy2+ γTz and prove sufficiency for the remaining two cases. In [2], Chan
and Oh resolve the conjecture for weighted sums of three triangular numbers,
and in a joint paper with Chan [1], we resolve the remaining case.
From here, the problem can be further generalized to arbitrary inhomoge-
neous quadratic polynomials, f(x) = Q(x)+ℓ(x)+c, whereQ is a quadratic map
associated to some positive definite lattice N , with symmetric bilinear map B.
Under the assumption that N is positive definite, ℓ(x) = 2B(ν, x) for a unique
choice of vector ν in V := QN , and there is no harm in setting c = 0 since
the constant term does not contribute to the arithmetic of f . An easy calcula-
tion reveals that an integer n is represented by f(x) if and only if Q(ν) + n is
represented by the coset ν +N .
We define the conductor of the coset ν +N to be the smallest integer m for
which mν ∈ N . Equivalently, m = [M : N ], where M := Zν +N .
As an example, consider the polynomial f(x, y, z) = 25x2 + y2 + z2 + 10x.
Taking N ∼= 〈25, 1, 1〉 in a basis {e1, e2, e3} and letting ν = e15 , we see that ν
has conductor 5, and f(w) = Q(w) + 2B(ν, w) for any w ∈ N . Now an integer
n is represented by f if and only if 1 + n is represented by the coset ν + N ;
that is, 1 + n = Q(ν + e1x+ e2y + e3z)) = (5x+ 1)
2 + y2 + z2, which is just a
sum of three squares with the added restriction that the first term is congruent
to 1 mod 5. For this particular example it is easy to see that f is not almost
universal by the three square theorem, but this result will be further confirmed
by Theorem 7.
When N has rank greater than 3, Chan and Oh [3, Theorem 4.9] show
how the asymptotic local-global principles for representations of lattices with
approximation property by Jo¨chner- Kitaoka [12] and by Hsia-Jo¨chner [11] lead
to an asymptotic local-global principle for representations of integers by cosets,
consequently we will restrict our attention to ternary N . Imposing some mild
arithmetic conditions on f , this paper establishes a characterization of almost
universal ternary inhomogeneous quadratic polynomials.
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2. Preliminaries
Henceforth, the language of quadratic spaces and lattices as in [15] will be
adopted, and the notation will follow that used in [1]. Any unexplained notation
and terminology can be found there and in [15]. All the Z-lattices discussed
below are positive definite. If K is a Z-lattice and A is a symmetric matrix, we
shall write “K ∼= A” if A is the Gram matrix for K with respect to some basis
of K. The discriminant of K, denoted dK, is the determinant of A. An n× n
diagonal matrix with a1, . . . , an as the diagonal entries is written as 〈a1, . . . , an〉.
However, we use the notation [a1, . . . , an] to denote a quadratic space (over any
field) with an orthogonal basis whose associated Gram matrix is the diagonal
matrix 〈a1, . . . , an〉.
The subsequent discussion involves the computation of the spinor norm
groups of local integral rotations and the relative spinor norm groups of primi-
tive representations of integers by ternary quadratic forms. The formulae for all
these computations can be found in [5], [6], [7], and [10]. A correction of some of
these formulae can be found in [2, Footnote 1]. Following the notation set forth
in [15, §55], we let θ denote the spinor norm map. If t is an integer represented
primitively by gen(K) and p is a prime, then θ∗(Kp, t) is the primitive relative
spinor norm group of the Zp-lattice Kp. If E is a quadratic extension of Q,
Np(E) denotes the group of local norms from Ep to Qp, where p is an extension
of p to E.
Now suppose we have the integer-valued inhomogeneous polynomial as de-
scribed above, where Q is ternary. For simplicity we will require that the Z-ideal
generated by Q(ν+x), for all x ∈ N , is contained in Z. Under this assumption,
it is immediate that Q(ν) ∈ Z, and the Z-ideal generated by Q(x) + 2B(ν, x)
for all x ∈ N , which we denote n(ν,N), is contained in Z. It is well known that
Q(x) + 2B(ν, x) can never be almost universal, since this would imply that the
ternary Z-latticeM is almost universal, which is impossible by the Local Square
Theorem. Therefore, a reasonable requirement is to fix a prime p, and assume
that
n(ν,N) = pαZ, (2.1)
with α > 0. For the purposes of this paper, we will restrict out attention to odd
p. We define an integer-valued polynomial H(x) by
H(x) :=
Q(x) + 2B(ν, x)
pα
,
where p is an odd prime. The sum of three triangular numbers can be obtained
by letting N ∼= 〈4, 4, 4〉 in a basis {e1, e2, e3} with ν = e1+e2+e32 , which corre-
sponds to p = 2 and α = 3. While this is not the unique setup for a sum of
three triangular numbers, any choice of N and ν will leave p = 2, and therefore
the sum of triangular numbers will not be included in this discussion.
For the remainder of this paper, we will assume that equation (2.1) holds,
noting that under this assumption B(ν,N) and Q(N) are subsets of pαZ. We
also note that under these conditions there is a unique pair (ν,N) associated to
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H(x), and without confusion we will let m denote the conductor associated to
this pair. Our goal is to obtain a list of necessary and sufficient conditions on
the pair (ν,N) under which this H(x) is almost universal.
Lemma 1. (1) If H(x) is almost universal, thenMq represents all Zq whenever
q 6= p, and Nq represents all Zq whenever q ∤ m.
(2) If Nq represents all of Zq then θ(O
+(Nq)) ⊇ Z×q .
(3) If Mq represents all Zq for all q 6= p, then QpM = QpN is anisotropic.
Proof. (1) Suppose H(x) is almost universal. Then Q(ν)+ pαn is represented
by the coset ν +N for all but finitely many positive integers n. Consequently,
all but finitely many positive integers are represented by ν +Nq for q 6= p, and
therefore by Mq for q 6= p. Now by the denseness of Z in Zq, Mq represents all
of Zq. And for q ∤ m, ν +Nq = Nq, so it follows that Nq represents all of Zq.
Part (2) follows immediately from the definition of spinor norm map. Since
M is ternary, it is not difficult to show that if Mq is universal then Mq is
isotropic. Armed with this, part (3) is a direct consequence of Hilbert Reci-
procity. 
In view of Lemma 1, it will be helpful to impose some restriction on the
prime divisors of the conductor of H(x). A reasonable assumption is that
m = pγ (2.2)
for some positive integer γ. Throughout the remainder of this paper both (2.1)
and (2.2) will be assumed.
As an immediate consequence of Lemma 1, if H(x) is almost universal, then
ordp(Q(ν)) < α. In view of this fact, it is possible to scale Q by p
− ordp(Q(ν)) and
then assume that ordp(Q(ν)) = 0. For simplicity, we define ǫ := Q(ν) ∈ Z×p .
Now, B(ν, pγν) = pγǫ ≡ 0 mod pα, and therefore we conclude that γ ≥ α.
An arbitrary coset of N in M is of the form aν +N , where 0 ≤ a ≤ pγ − 1.
Given x ∈ N , we have Q(aν+x) ≡ a2ǫ mod pα. Hence, if ǫ+pαn is represented
by this aν +N , then ǫ ≡ a2ǫ mod pα, and therefore a ≡ ±1 mod pα, because
p is odd. From this we conclude that every representation of ǫ+pαn byM must
be from one of the cosets (bpα ± 1)ν + N , 0 ≤ b ≤ pγ−α. In order to be sure
that a representation of ǫ + pαn is from ν +N , we need to make an additional
assumption; namely, γ = α. Under this assumption, any representation of
ǫ+ pαn by M must be from ν+N or −ν+N . However, it is not difficult to see
that these cosets represent precisely the same integers. Under this assumption,
(2.2) becomes m = pα.
Given a primitive spinor exception t of the genus of M , we define E :=
Q(
√−tdM). Note that if t is a primitive spinor exception of gen(M), then
−tdM 6∈ Q2, as shown in [14].
Lemma 2. Suppose that Mq represents all q-adic integers for every prime q 6=
p. If t is a primitive spinor exception of gen(M), then E = Q(
√−p) and p ≡ 7
mod 8, when p > 2.
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Proof. Suppose that Mq represents all q-adic integers for every prime q 6= p.
For any q 6= p, Mq = Nq, and so Z×q ⊆ θ(O+(Mq)) ⊆ Np(E), by Lemma 1 part
(2). It is immediate that E is unramified at all q 6= p, and therefore no prime
other than p will divide the discriminant of E.
For odd primes p, there is only one choice of an imaginary quadratic exten-
sion ramified only at the prime p, namely, Q(
√−p), where p ≡ 3 mod 4. By
our initial assumption M2 represents all integers in Z2, so from the definition
of the spinor norm, it is clear that N2(E) ⊇ θ(O+(M2)) = Q×2 . Consequently,
[Q×2 : N2(E)] = 1, and hence Q2(
√−p) = Q2. Therefore, p ≡ 7 mod 8. 
In the following lemma, we show that if ν is replaced by ν + x0, where
x0 ∈ N , then all results on almost universality will still hold.
Lemma 3. Let ω = ν + x0, where x0 ∈ N , and define
H ′(x) =
1
pα
[Q(x) + 2B(ω, x)].
Then,
(1) if n(ν,N) = pαZ, then n(ω,N) = pαZ; and,
(2) if H(x) is almost universal, then H ′(x) is almost universal.
Proof. Suppose that n(ν,N) = pαZ. Let ω = ν + x0 with x0 ∈ N . First,
observe that for any x ∈ N ,
Q(x+ x0) + 2B(ν, x+ x0) = Q(x) +Q(x0) + 2B(x, xo) + 2B(ν, x) + 2B(ν, x0),
which implies that 2B(x, x0) ≡ 0 mod pα for any x ∈ N . Now, for any x ∈ N
Q(x) + 2B(ω, x) = Q(x) + 2B(ν, x) + 2B(x0, x) ≡ 0 mod pα,
and hence n(ω,N) ⊆ pαZ. Switching the roles of ν and ω in the argument
above, we get containment in the other direction. Therefore, n(ω,N) = pαZ
Define pαm := Q(x0) + 2B(ν, x0). Then, Q(ω) + p
α(n−m) = Q(ν) + pαn.
If H(x) is almost universal, then ν +N represents Q(ν) + pαn for n sufficiently
large, and hence ν+N = ω+N represents Q(ω)+pα(n−m) for all n sufficiently
large. Therefore, if H(x) is almost universal, then H ′(x) is almost universal. 
Let {e1, e2, e3} be a basis for N . In view of Lemma 3, we may assume that
ν = 1
pα
(ae1 + be2 + ce3), with 0 ≤ a, b, c ≤ pα − 1, and at least one of a, b, c,
not divisible by p. There is no harm in assuming that a ∈ Z×p . It is clear
that all Zp-linear combinations of ν, e2, and e3 are contained in Mp, including
e1 =
1
a
(pαν − be2 − ce3). Therefore, {ν, e2, e3} is a basis for Mp, and relative
to this basis every entry in the Gram matrix for Mp is congruent to 0 mod p,
with the notable exception of ǫ. Therefore, as a consequence of the uniqueness
of Jordan invariants, Mp must be of the form
Mp ∼= 〈ǫ, piβ, pjγ〉
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in a basis {ν, f1, f2}, with β, γ ∈ Z×p and 0 ≤ i ≤ j.
We conclude this section with several technical lemmas which will be very
helpful in proving the main result.
Lemma 4. If K is a universal ternary Z2-lattice, then K is isotropic and
ord2(dK) < 2. When this is the case, K ∼= 〈1,−1,−dK〉 and
(1) if ord2(dK) = 1, then K primitively represents every element of Z2 except
those in 4Z×2 ;
(2) if ord2(dK) = 0, then K primitively represents every element of Z2.
Proof. Suppose that K is a universal ternary Z2-lattice, then in particular K
must be isotropic.
Since K is universal, K has 〈1〉 is an orthogonal summand, and therefore K
is of the form 〈1〉 ⊥ L, where L is a binary Z2-lattice, which is either proper or
improper. If L is proper then K has an orthogonal decomposition, and if L is
improper then it is of the form 2kA(2, 2) given in [15, §93B], where k > 0. We
note that if k = 0 then L has an orthogonal basis, so scaling by the first term
we can obtain something of the form 〈1〉 ⊥ L with L proper.
First we will suppose that L is proper with n(L) = Z2, and therefore K has
an orthogonal decomposition of the form 〈1, β, 2jγ〉 in a basis {e1, e2, e3} with
β, γ ∈ Z×2 and j > 0. If j ≥ 2, then for any arbitrary choice of β and γ it
can easily be shown that K will either miss some square class in Z×2 or every
element in 2Z×2 . Therefore, we conclude that j < 2 when K is universal.
Suppose that j = 0 and consequently K ∼= 〈1, β, γ〉. Then K is an isotropic
unimodular Z2-lattice, and is therefore of the form H ⊥ 〈−βγ〉. From this
decomposition it is easy to verify that K primitively represents every element
in Z2.
Suppose that j = 1. SinceK is isotropic, and the binary component 〈β, 2γ〉 is
Z2-maximal, it follows that 〈β, 2γ〉 ∼= 〈−1,−2βγ〉, and thus K ∼= 〈1,−1,−2βγ〉
in a basis {f1, f2, f3}. It is clear that the leading binary component of K
primitively represents every element in Z×2 . Furthermore, for any δ ∈ Z2, the
vector (1 + δ)f1 + (1− δ)f2 is of length 4δ, and (1 + δ)f1 + (1− δ)f2 + f3 is of
length 4δ− 2βγ. We observe that (1+ δ)f1+(1− δ)f2+ f3 is a primitive vector
for any choice of δ, and (1 + δ)f1 + (1− δ)f2 is primitive just in case δ is even.
Hence we have shown that K primitively represents every element of Z2, with
the exception of those in 4Z×2 .
Suppose that δ ∈ Z×2 . Then there exist x, y, z ∈ Z2 such that 4δ = x2 −
y2− 2βγz2. It is clear that x and y have the same parity, or else the right hand
side of the equality is odd. But then, x2 − y2 ≡ (x + y)(x − y) ≡ 0 mod 4,
meaning z must be even, and hence 4δ ≡ x2 − y2 mod 8. If x and y were both
even, then the representation would not be primitive, as such, we assume that
x and y are units in Z2, which means that x
2 ≡ y2 ≡ 1 mod 8. Consequently,
4δ ≡ 0 mod 8, which is not true, since δ ∈ Z×2 . Therefore, any representation
of elements from 4Z×2 by K must be imprimitive.
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Suppose the unimodular component of K is unary; that is, K ∼= 〈1〉 ⊥ 2iL,
where i > 0 and s(L) = Z2. If either L is improper or if i > 1, then K
only represents units congruent to 1 mod 4, so we may assume that i = 1 and
L ∼= 〈β, 2jγ〉, with j ≥ 0. Now, K ∼= 〈1, 2β, 2j+1γ〉 and therefore we may assume
that j = 0 or 1.
Suppose that j = 0, and K ∼= 〈1, 2β, 2γ〉. Then the only units represented
by K are those congruent to 1, 1 + 2β, 1 + 2γ or 1 + 2(β + γ) mod 8. For any
choice of β and γ, it is clear that K fails represent one square class of units, and
hence it is not universal.
Suppose that j = 1, and K ∼= 〈1, 2β, 4γ〉. Since K is isotropic, and since its
leading binary component is Z2-maximal, this implies thatK ∼= 〈−γ,−2βγ, 4γ〉,
and hence K−γ ∼= 〈1, 2β,−4〉. Suppose that η ∈ Z×2 , with η ≡ β mod 4 and
η 6≡ β mod 8. If 2η is represented by K−γ , then η ≡ 2(x + y)(x − y) + β
mod 8 for some x, y ∈ Z2. If x + y is even, then this implies that η − β ≡ 0
mod 8, a contradiction. On the other hand, if x + y is odd, then this implies
that η−β2 ≡ 1, 3 mod 4, also a contradition. Therefore, K−γ does not represent
2η, and hence K is not universal. 
Lemma 5. If H(x) is almost universal, then Nq represents all of Zq when-
ever q 6= p, and consequently, Nq ∼= 〈1,−1,−dN〉 for q 6= p, 2, and N2 ∼=
〈1,−1,−dN〉 with ord2(dN) ≤ 1.
Proof. IfH(x) is almost universal, then Nq represents all of Zq whenever q 6= p
by Lemma 1 part (1). Hence, Lemma 4 implies that that N2 ∼= 〈1,−1,−dN〉
with ord2(dN) ≤ 1. And for odd primes q 6= p, since Nq is universal it must
also be isotropic, and therefore it follows that Nq ∼= 〈1,−1,−dN〉. 
Lemma 6. Suppose that Nq represents every integer in Zq for all primes q 6= p.
Then, every positive integer ǫ+ pαn which is not of the form 4δ, where δ ∈ Z×2 ,
is represented primitively by gen(M). If ǫ+pαn = 4δ, then ǫ+p
αn
4 is represented
primitively by gen(M).
Proof. First we observe that ǫ ∈ Z×p is clearly represented primitively by Mp,
so any element in Zp which is in the same square class modulo p as ǫ will also
be represented primitively by Mp.
For all odd primes q 6= p, it follows from Lemma 5 that every q-adic integer
is primitively represented by Nq = Mq. And it is immediate from Lemma 4
ǫ+ pαn (or ǫ+p
αn
4 , accordingly) is represented primitively by N2 =M2.
Hence, all ǫ + pαn (and ǫ+p
αn
4 as appropriate) are represented primitively
by gen(M). 
3. Main Result
Let sf(dN) denote the square-free part of the discriminant of N , and let
sf(dN)′ denote the non-p part of sf(dN).
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Theorem 7. H(x) is almost universal if and only if Nq represents all q-adic
integers over Zq whenever q 6= p, and
(1) p 6≡ 7 mod 8; or,
(2) p ≡ 7 mod 8 and one of the following holds:
(a) ordp(dN) is even;
(b) sf(dN) is divisible by a prime q satisfying
(
−p
q
)
= −1;
(c)
(
Q(ν)
p
)
= −1;
(d) sf(dN)′ is represented by ν +N .
Proof. We suppose throughout that Nq represents all q-adic integers over Zq
whenever q 6= p.
For part (1), suppose that Nq is universal over Zq for every q 6= p, and p 6≡ 7
mod 8. From Lemma 2, it is clear that M has no primitive spinor exceptions.
Combining this with Lemma 6, ǫ+pαn (or ǫ+p
αn
4 , as appropriate) is represented
primitively by the spinor genus ofM for all n. Now, it follows from [4, Corollary]
that ǫ+ pαn (similarly ǫ+p
αn
4 ) is represented by the lattice M for n sufficiently
large, and hence by the coset ν +N . Therefore, H(x) is almost universal.
For part (2), we suppose that p ≡ 7 mod 8. If ǫ+ pαn is a primitive spinor
exception of the genus of M , then E := Q(
√
−(ǫ+ pαn)dN) is Q(√−p), by
Lemma 2. But ordp(dN) and ordp(dM) have the same parity, and in this case,
they must both be odd. Therefore, if ordp(dN) is even, then ǫ+ p
αn cannot be
a primitive spinor of exception of the genus of M .
Suppose that (a) fails, so ordp(dN) is odd. Suppose that q is a prime with(
−p
q
)
= −1. At such a prime, −p is a non-square, and hence Eq = Qq(√−p)
is a quadratic extension over Qq. By [7, Theorem 1(a)], θ(O
+(Mq)) ⊆ Nq(E)
if and only if ordq(dN) is even. If (b) holds, then q | sf(dN) meaning that
θ(O+(Mq)) 6⊆ Nq(E), and therefore ǫ+ pαn is not a primitive spinor exception
of the genus of M .
Suppose (a) and (b) fail, but (c) holds. Then,
Mp ∼= 〈ǫ, piβ, pjγ〉
and since ordp(dN) is odd, i and j have different parity. Now we can compute
the spinor norm of O+(Mp) using [14, Satz 3]. Suppose that i is even, meaning
that QpM contains [ǫ, β] as a subspace. Since Mp is anisotropic by Lemma 1
part (3), we conclude that −ǫβ must be a nonsquare in Qp. Furthermore, since
p ≡ 7 mod 8, and therefore −1 is not a square in Qp, we conclude that ǫβ is
a square in Qp. Since sf(dN)
′ is only divisible by primes which are squares in
Qp by the failure of (b), it follows that γ is also a square in Qp. Computing the
spinor norm in this case gives
θ(O+(Mp)) = {1, ǫβ, ǫγp, βγp}Q×2p = {1, ǫp}Q×2p ,
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where by (c), ǫ is non-square in Qp. For E defined as above,Np(E) = {1, p}Q×2p .
Since, θ(O+(Mq)) 6⊆ Nq(E), therefore ǫ + pαn cannot be a primitive spinor
exception of gen(M). The case when j is even is the same, substituting i for j
and β for γ where necessary.
We have shown above that when one of (a), (b), or (c) holds, then gen(M)
has no primitive spinor exceptions of the form ǫ + pαn in Qp. In fact, since
these arguments rely only on the square class of ǫ + pαn, they can be easily
extended to show that gen(M) has no primitive spinor exceptions which are of
the form t2(ǫ + pαn), where t ∈ Z×p . Suppose we are in the special case where
ǫ+ pαn = 4δ with δ ∈ Z×2 . Then ǫ+p
αn
4 is represented primitively by the genus
of M by Lemma 6, and if one of (a), (b), or (c) holds, then ǫ+p
αn
4 is not a
primitive spinor exception of the genus of M . From [4, Corollary], we conclude
that ǫ+p
αn
4 , and hence ǫ + p
αn, are represented by M , for all sufficiently large
n. Therefore, ǫ+ pαn are represented by ν +N for all sufficiently large n. In a
similar manner, when we are not in this special case, then ǫ+pαn is represented
primitively by the genus of M by Lemma 6, and if one of (a), (b), or (c) holds,
then ǫ + pαn is not a primitive spinor exception of the genus of M for every
positive integer n. Hence, ǫ+pαn is represented byM for all n sufficiently large,
and therefore H(x) is almost universal.
Suppose (a), (b), and (c) all fail. We will show that sf(dN)′ is a primitive
spinor exception of gen(M). Without any confusion, in what follows, let E
denote the field Q(
√
− sf(dN)′dN) = Q(√−p).
First, we claim that sf(dN)′ is represented primitively by the genus of M .
Since the prime factors of sf(dN)′ can appear with order at most 1, it is clear
from combining Lemma 4 and Lemma 5 that sf(dN)′ is represented primitively
by Mq when q 6= p. By the failure of (b), sf(dN)′ is only divisible by primes
which are squares in Qp, and therefore sf(dN)
′ is a square unit in Qp. By the
failure of (c), ǫ is a square unit in Qp. This means that sf(dN)
′ and ǫ are in the
same square class modulo p. Since ǫ is represented primitively by Mp, it follows
that sf(dN)′ is also represented primitively by Mp. This proves that sf(dN)
′ is
represented primitively by gen(M).
Since p ≡ 7 mod 8, E splits at the prime 2. Moreover, E also splits at all
primes q such that
(
−p
q
)
= 1. Hence for these primes θ(O+(Mq)) ⊆ Nq(E) = Q×q
for these q, and therefore θ∗(Mq, sf(dN)
′) = Nq(E), as explained in equation
(3) of [7]. At those primes q for which
(
−p
q
)
= −1, it follows from the failure of
(b) that q ∤ sf(dN)′, and Mq ∼= 〈1,−1, dN〉 from Lemma 5. Therefore, from [7,
Theorem 1(a)], we have θ(O+(Mq)) ⊆ Nq(E), and since sf(dN)′ is not in any
ideal generated by q we get θ∗(Mq, sf(dN)
′) = Nq(E).
At the prime p we will compute the spinor norm using [14, Satz 3]. Since
Mp ∼= 〈ǫ, βpi, γpj〉,
we get
θ(O+(Mp)) = {1, ǫβpi, ǫγpj, βγpi+j}Q×2p .
By the failure of (c), ǫ is a square in Qp. If i is even, then ǫβ must be a square
in Qp since QpM contains the anisotropic subspace [ǫ, β]. In this case, γ must
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also be a square in Qp, by the failure of (b). Similarly, if i is odd, and j is even,
then γ is a square in Qp, since QpM contains the anisotropic subspace [ǫ, γ],
and ǫ is a square. Therefore, in any case
θ(O+(Mp)) = {1, p}Q×2p ,
and hence θ(O+(Mp)) ⊆ Np(E). Finally, Np(E) = θ∗(Mp, sf(dN)′), by [7,
Theorem 1(b)], since sf(dN)′ will not be in any ideal generated by p.
Suppose that (a), (b), and (c) all fail. Now, we will show that H(x) is
almost universal if and only if (d) holds. Suppose that (d) holds, then sf(dN)′
is represented by M . Suppose we are in the special case ǫ + pαn = 4δ with
δ ∈ Z×2 . From Lemma 6, we know that δ is represented primitively by the genus
of M . Suppose that δ is not a primitive spinor exception of the genus of M .
Then, all sufficiently large δ and hence 4δ are represented byM . Suppose that δ
is a primitive spinor exception, then δ is a square multiple of sf(dN)′ and hence
δ and therefore 4δ is represented by M . Thus 4δ must be represented by M .
Now suppose that ǫ+ pαn 6∈ 4Z×2 , and suppose ǫ+ pαn is not a primitive spinor
exception of gen(M). Then ǫ + pαn is represented by M when n is sufficiently
large. Otherwise, ǫ+pαn must be a square multiple of sf(dN)′ and hence ǫ+pαn
represented by M . Therefore, ǫ+ pαn is represented by M for all n sufficiently
large and hence H(x) is almost universal.
Conversely, suppose that (d) fails. This implies that sf(dN)′ is not repre-
sented by M . Then there exist, as shown in [17], infinitely many primes q such
that q2 sf(dN)′ are not represented by M . Further, these q are precisely the
primes that split in Q(
√−p). Let µ be the inverse of sf(dN)′ modulo p. Then
ǫµ is a square modulo pα, and thus ρ2 ≡ ǫµ mod pα for some integer ρ.
Since p ≡ 7 mod 8, the cyclotomic extension Q(ζpα) contains Q(√−p) as
its unique quadratic extension. For an odd prime q 6= p, let J be the fixed
field of the decomposition group, Gq, which is generated by the Frobenius au-
tomorphism ϕq. Then, J is the maximal subfield of Q(ζpα) in which q splits
completely. Since q splits completely in J if and only if q splits completely in
any subextension of J properly containing Q, Galois theory implies that q splits
completely in Q(
√−p) if and only if ϕq is in H := Gal(Q(ζpα)/Q(√−p)).
The 2-element subgroup generated by complex conjugation, ϕ−1, has as
its fixed field the maximal real subfield Q(ζpα)
+, which cannot sit between
Q(
√−p) and Q(ζpα). For any integer ρ relatively prime to p, either ϕρ ∈ H ,
or ϕρϕ−1 = ϕ−ρ ∈ H . If ϕρ ∈ H , then by the Cˇebotarev Density Theorem
there exist infinitely many primes q such that ϕq = ϕρ ∈ H , and so q splits in
Q(
√−p). On the other hand, if ϕρ 6∈ H , then ϕ−ρ ∈ H , and again there exist
infinitely many primes q such that ϕq = ϕ−ρ ∈ H . In both cases, q splits in
Q(
√−p) and either ρ ≡ q mod pα, or −ρ ≡ q mod pα.
Therefore, for a fixed integer ρ, we know that there are infinitely many
primes q that split in Q(
√−p) and either q ≡ ρ mod pα or q ≡ −ρ mod pα.
So we have an infinite family of positive integers, n := q
2 sf(dN)′−ǫ
pα
, for which
ǫ+ pαn are not represented by M , and hence H(x) is not almost universal. 
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